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 a b s t r a c t

The interplay between genetic and bioelectric networks is of significance in Biophysics because voltage-gated 
ion channels are involved in multitude of development, regeneration, and tumorigenesis processes. We have 
developed a model that shows the rich biophysical dynamics that can occur at the individual cell scale. In partic-
ular, we have theoretically characterized monostable and bistable stationary as well as oscillatory cell membrane 
potentials on the basis of a system of differential equations that couple together two generic families of ion chan-
nels. The model incorporates a minimal number of biologically-plausible assumptions that are independent from 
specific microscopic details. The electrical rhythms found provide an oscillatory feedback between bioelectrical 
and transcriptional signals that can be experimentally modulated by external actions on specific ion channels.

1.  Introduction

Bioelectrochemistry is central to development and regeneration be-
cause the cell membrane potential, defined as the (negative) potential 
difference established between the cell cytoplasm and the external mi-
croenvironment [1–3], is a master regulator for biochemical processes 
in non-excitable cells. Although the cell potential is not a transcription 
factor itself, it influences downstream transcription processes, e.g. by 
regulating the local concentration of signaling ions and molecules such 
as calcium [2–5]. The significant role of bioelectric signals has also been 
demonstrated in the maintenance of organism morphology and cancer 
progression [1–6]. Because cell potentials are modulated by the ion 
channel proteins inserted in the cell membrane [1,7], it is important to 
understand their underlying biophysical dynamics. In order to motivate 
our mathematical analysis, Figs. 1a-d consider four biological systems 
where our modeling should be of qualitative interest. Two examples of 
the coupling between bioelectrical and biochemical signals are the elec-
trogenetic circuit [8] of Fig. 1a and the cell potential influence on the 
timing of pluripotency genes [9] shown in the model of Fig. 1b. In both 
cases, the concerted action of two counteracting voltage-gated chan-
nels regulates the membrane potential values that control the inside 
calcium levels required for crucial downstream biochemical processes 
[8,9]. Fig. 1c concerns an excitable cell model where the inside cell cal-
cium level is also coupled to the gene expression of two ion channels 
[10]. Fig. 1d corresponds to the case of Ca2+ flux-coupled gene regula-
tion in Escherichia Coli. The depolarization of the cell potential changes 
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the inside calcium ion concentration, producing downward changes in 
the expression of different proteins [11].

In general, electric potential variations at the cellular level can be 
transduced downstream because bioelectric signals regulate the elec-
trodiffusion not only of calcium ions, but also of other charged signalling 
molecules, as discussed in Ref [2]. and references therein. This experi-
mental integration between bioelectric signals and biochemical messen-
gers should first be understood in terms of simple models.

Models that describe the feedback between cell potentials and pro-
tein transcription can provide new insights on both morphogenesis and 
tumorigenesis [2,3,12–15]. In previous studies, we have explored theo-
retically the interplay between genetic and bioelectric networks by fo-
cusing on multicellular aggregates [3,16]. Here, we aim at describing the 
rich dynamics and bifurcation phenomena that can occur at the single-
cell scale because of the coupling between cell membrane potentials and 
channel protein transcription. This coupling offers a useful complemen-
tary view to the traditional description that tends to emphasize biochem-
ical effects only [7], thus ignoring important bioelectrochemical phenom-
ena. Here, we consider a minimal model for the coupling between ionic 
currents and a gene regulatory network.

Note that oscillatory cell membrane potentials are central to the 
cell cycle [17], pancreatic islets [18], glioma cells [19], bacterial com-
munities [20], and synchronization phenomena [21] where different 
channel actions provoke the oscillation of the cell membrane potential. 
Bistability and oscillatory coupling between bioelectrical (cell poten-
tial) and biochemical (intracellular calcium concentration) signals are 
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also characteristic of excitation waves in multicellular pancreatic islets 
[22]. Also, cell potentials and cytoplasmic calcium levels are interre-
lated in Xenopus embryogenesis [23] where particular instructive win-
dows are experimentally observed. In this context, different mechanisms 
underlying the influence of bioelectricity in development have been
described.

Clearly, the above examples suggest that ion channels, cell poten-
tials, and signaling ions levels can be coupled in bistable and oscillatory 
memories. The main contribution of this study is to determine what 
basic properties are relevant to the understanding of bistable and oscil-
latory dynamics at the individual cell level. To this end, we will analyze 
the phase space region where the cell undergoes self-sustained oscilla-
tions as a result of the feedback between the regulation of the mRNAs 
that codify the proteins inserted in the membrane as voltage-gated ion 
channels. In addition, we will compare this scenario with that where 
mRNAs are not regulated by the cell potential so that a bistable region 
instead of an oscillatory one is observed.

2.  Biophysical model equations

It is an experimental fact that bioelectric signals regulate the voltage-
gated channels that govern the transport of ions and signalling charged 
molecules which are instructive for downstream processes [2–5]. In gen-
eral, the cell potential 𝑉  can be considered as a readout of the cell bio-
electrical activity. For instance, proliferative cells tend to show abnor-
mally depolarized potentials (low values of |𝑉 |), contrary to the case 
of quiescent differentiated cells [2,5]. Thus, the cell electric potential 

should be incorporated in the kinetic equations that regulate channel 
protein expression. We have proposed the simplified coupling scheme 
of Fig. 2, which is based on the experimentally plausible assumptions 
discussed previously [3]. Although a diversity of protein ion channels 
are inserted in the membrane, a limited number of specific channels ex-
perimentally determine the cell potential [2,3,5,19–25], as shown in the 
experimental systems of Fig. 1. Thus, we have introduced two generic 
voltage-gated ion channels, the polarizing (pol) channel promoting a 
high absolute value of the cell potential |𝑉 | and the depolarizing (dep) 
channel aiming at decreasing |𝑉 | [3]. Note that because 𝑉 < 0, the |𝑉 |

terms could be replaced with −𝑉  terms here.
The cell potential 𝑉 < 0 is obtained from the zero current equa-

tion [3], 𝐼dep + 𝐼pol = 0, where 𝐼dep = 𝐺dep(𝑉 − 𝐸dep)∕{1 + exp[−𝑧(𝑉 −
𝑉th,dep)∕𝑉T]} and 𝐼pol = 𝐺pol(𝑉 − 𝐸pol)∕{1 + exp[𝑧(𝑉 − 𝑉th,pol)∕𝑉T]} are 
the electrical currents through the dep and pol channels that connect 
the external microenvironment with the cell cytoplasm (Fig. 2). In the 
𝐼dep and 𝐼pol equations, 𝐶 is the cell capacitance, 𝑧 gives the number 
of effective charges for channel gating, and 𝑉th,dep and 𝑉th,pol are the 
threshold potentials. The thermal potential 𝑉T = 𝑅𝑇 ∕𝐹 = 27 mV, where 
𝑅 is the gas constant, 𝑇 = 310 K is the temperature, and 𝐹  is the Fara-
day constant [3]. Note that 𝑉  is regulated by the dep and pol conduc-
tance values 𝐺dep and 𝐺pol that attempt to establish the equilibrium de-
polarized and polarized potentials 𝐸dep = 0 mV and 𝐸pol = −60 mV. If 
the cell is in contact with a sufficiently large microenvironment, the 
extracellular ionic concentrations do not change. Also, the number of 
ions transported across the membrane to establish a given value of 𝑉  is 
usually small compared with the total number of ions in the cell. This 

Fig. 1. a) Transcriptional control of mammalian cells by membrane depolarization shows the coupling between bioelectrical and biochemical signals. In the electro-
genetic circuit, an inward-rectifying potassium (Kir) channel sets initially the potential of human embryonic kidney (HEK-293T) cells. External pulses provoke the 
depolarization that opens the voltage-gated calcium channel (Cav). The increase in the calcium level yields downstream processes (activation of the calmodulin/cal-
cineurin pathway, dephosphorylation of the nuclear factor of activated T cells (NFAT), and the NFAT-sensitive promoter) towards the target transgene expression. 
Figure adapted from Krawczyk et al., Science doi:10.1126/science.aau7187, AAAS [8]. (b) Membrane potential (left) and receptor-ligand (right) signaling in the onset 
of embryonic differentiation. Potassium channels set the polarized cell potential, which keeps voltage-gated calcium channels closed, thus avoiding the high calcium 
levels required for downstream processes to pluripotency. While gene expression is also mediated by intracellular signal transducers and biochemical pathways 
essential to the expression of differentiation factors, bioelectricity may influence also the timing of pluripotency genes. Figure adapted from Sempou et at., Nature 
Communications, doi:10.1038/s41467-022-34363-w, Springer-Nature [9]. (c) Scheme of a neuron potential model regulated by inward and an outward channel 
conductances whose counteracting actions control the Ca2+ influx. The calcium ion level downward modulates channel transcription. Figure adapted from O’Leary 
et al., PNAS, doi: 10.1073/pnas.1309966110, pnas.org., [10]. (d) Calcium ion flux-coupled gene regulation in Escherichia Coli. The cell potential can be depolarized 
by the action of different channel conductances, with the concomitant changes in the inside calcium level that downward regulate the expression of proteins. Figure 
adapted from Jones and Larkin, Bioelectricity, doi: 10.1089/bioe.2021.0013, Mary Ann Liebert, Inc. [11].
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fact, together with the continuous action of the ion pumps [1], results 
in approximately constant intracellular concentrations and equilibrium
potentials.

The membrane potential regulates the inside levels of second mes-
sengers of concentration 𝑆k that can act downstream on the transcrip-
tion of the channels. For instance, calcium levels can have different ef-
fects on distinct channel proteins expressions via the binding to dis-
tinct intermediate proteins, which can eventually impact on the mem-
brane potential via the different protein channel conductances, as bio-
logically motivated in the examples of Figs. 1c and 1d and theoretically 
explained previously [3]. Thus, a crucial assumption of the model is 
that the protein transcription rates 𝑟m,𝑘 are functions of the cell poten-
tial 𝑉  because the concentrations 𝑆dep and 𝑆pol of instructive signaling 
ions or molecules depend on 𝑉 . The equations that relate these mag-
nitudes are given in Fig.  3. The regulation of the transcription rates 
by the potential, which is experimentally suggested in Fig. 1, provides 
the feedback between the genetic and the bioelectric signals. Here, we 
are concerned with the relatively slow membrane potential changes ob-
served in non-excitable cells where the effective channel conductance 
is expected to increase linearly with the protein concentration 𝑝k in the 
cytoplasm only for low protein concentrations, but to reach a satura-
tion (maximum) value because of the unavoidable kinetic limitations at 
high enough 𝑝k . These limitations arise from the finite rates for traf-
ficking to and insertion in the cell membrane, the effective membrane 
area that is available for insertion, and the channel operation life in the 
membrane. In this complex experimental context, the phenomenolog-
ical Hill kinetics equation 𝐺k = 𝐺◦

k𝑝k∕(𝑝0,k + 𝑝k) provides a useful first 
approximation because it suggests that the effective channel conduc-
tance cannot increase indefinitely with the bulk protein concentration 𝑝k , 
but should achieve a maximum value 𝐺◦

k for high enough concentra-
tions 𝑝k ≫ 𝑝0,k with respect to a characteristic saturation conductance 
𝑝0,k = 80, where the above kinetic limitations dictate the inserted chan-
nel proteins available for ionic conduction.

The genetic network of Fig. 2 follows the biochemical central dogma 
principle that states the flow of information from DNA to mRNA (tran-
scription) to protein (translation). Note however that, in our extended 
coupling scheme, the expression of the ion channels that regulate the 
cell potential 𝑉  are in turn influenced by 𝑉  (Fig. 3). For instance, if 
the conductance ratio 𝐺dep∕𝐺pol becomes too high, 𝑉  deviates from the 
physiological polarized potential 𝐸pol by taking abnormally depolarized 
potentials close to 𝐸dep. This perturbation triggers a counteracting com-
pensation because of the resulting increase in the rate of 𝑟m,pol(𝑉 ) of 
Fig. 3 [3].

Table 1 
Value of the parameters that remain 
constant in the simulations.
 Magnitude  Value
𝐸pol −60 mV
𝐸dep 0 mV
𝑉th,pol −𝑉T = −27 mV
𝑉th,dep −𝑉T = −27 mV
𝑧pol 2
𝑧dep 2
𝐺◦

pol∕𝐺ref 1.0
𝐺◦

dep∕𝐺ref 1.0
𝑟◦m,dep 1.5 min−1
𝑑m,dep 0.05 min−1
𝑟p,pol 1.5 min−1
𝑑p,pol 0.05 min−1
𝑟p,dep 1.5 min−1
𝑑p,dep 0.05 min−1
𝑝pol,0∕𝑝ref 80
𝑝dep,0∕𝑝ref 80

The coupling model of Figs. 2 and 3 can be extended further by in-
corporating additional equations relevant to other problems in embryo-
genesis, regeneration, and tumorigenesis [2,3,5,12,17,21], thus offering 
a phenomenological feedback mechanism between the biochemical and 
bioelectric networks in each particular case. In principle, the counter-
acting mechanism of Fig. 3 can allow oscillatory cell potentials without 
an outside pacemaker.

3.  Model parameters

The model rate constants of Fig. 2 should be considered only as ef-
fective values because transcription, translation, and degradation de-
pend on multiple factors characterized by different intermediate steps. 
Table 1 shows typical rates estimated as 0.1-5 min−1 for transcription 
and 0.1-2 min−1 for the case of translation [3,14,15,21]. Degradation 
rate constants should be in the range 0.001-0.1 min−1 for characteristic 
times between minutes and hours [3,14,15,21]. These values show that 
genetic processes are comparatively slow with respect to cell electrical 
times, which can be estimated as 𝐶∕𝐺ref , where 𝐺ref  is a reference con-
ductance that allows to present the results in terms of relative values. 
Indeed, for the cell capacitance 𝐶 = 10 - 100 pF and the reference chan-
nel conductance 𝐺ref = 0.1 nS, the electrical times are in the 0.1 - 1 s 
range [3]. Here, we have considered different exploratory simulations 

Fig. 2. The bioelectrical and transcriptional feedback for two generic channel proteins that regulate the polarized (pol) and depolarized (dep) cell states, as described 
in References [3,21]. The protein transcription and translation are described by kinetic equations for the mRNA concentrations 𝑚dep and 𝑚pol and the protein 
concentrations 𝑝dep and 𝑝pol, respectively, which are relative values that depend on the biosystem considered. Here, molecular diffusion within the cell is ignored 
because it should be relatively fast compared with the underlying genetic processes. The mRNA transcription (𝑟m,𝑘) and protein translation (𝑟p,𝑘) rate constants, 
together with their respective degradation rates (𝑑m,𝑘 and 𝑑p,𝑘), with 𝑘 = pol, dep, are effective values for the multiple kinetic steps that may be involved. Note the 
dependence of the cell potential-regulated transcription rates on the absolute value of the cell potential |𝑉 |.
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Fig. 3. The feedback between the cell potential 𝑉 < 0 and the mRNA transcription rate 𝑟m,𝑘(𝑉 ) regulates the channel protein concentration, where 𝑟m,𝑘(𝑉 = 0) = 𝑟◦m,𝑘∕2
(𝑘 = pol, dep). The potential regulation is positive (+ ) for the dep channel protein and negative ( - ) for the pol channel protein. Here, 𝑆𝑘 (𝑘 = pol, dep) is the 
concentration of an ion or molecule that is instructive for the downstream channel transcription and 𝑆0,𝑘 is a reference concentration, as described in Reference [3]. 
The coupling between biochemical and bioelectric processes occurs because the cell potential 𝑉  modulates the channel protein concentration 𝑝𝑘 that eventually gives 
the conductance 𝐺𝑘 and, in turn, the conductance 𝐺𝑘 modulates the potential 𝑉 , as shown in Fig. 2.

Fig. 4. The fixed points of the dynamical system of Fig.  2 are obtained by the intersection between the bioelectrical (d𝑉 ∕d𝑡 = 0) curve and the genetic (d𝑚k∕d𝑡 = 0, 
d𝑚k∕d𝑡 = 0, 𝑘 = pol, dep) curve (Fig.  4a and 4c). The d𝑉 ∕d𝑡 = 0 curve shows two saddle-node bifurcation points that delimit the stable (continuum lines) and unstable 
(dashed line) solutions. The intersection of the genetic curve in stable and unstable points of the bioelectrical curve results in the phase-space (Fig.  4b and 4d). Fig. 
4a and 4b correspond to the potential regulated transcriptional rate, with the parameters 𝑑k = 0.05 min−1 and the cases 𝑟◦m,k = 1.0 min−1 (1), 1.4 min−1 (2), and 1.8 
min−1 (3), 𝑘 = pol, dep. Figs. 4c and 4d correspond to the non-regulated transcriptional rate with 𝑑m,k = 0.09 min−1 and the cases 𝑟◦m,k = 0.75 min−1 (1), 1.00 min−1 (2) 
and 1.25 min−1 (3). The other parameters employed are shown in Table 1.
The labels (1) - (3) indicate the cell state initial points whose trajectories are analyzed later.

for the system of coupled differential equations (Fig. 2) by introducing 
a range of typical parameters (Table 1). A full justification of their bi-
ological plausibility, together with other explorations of the parameter 
space, have been given previously [3,21]. In addition, mathematical and 
numerical details concerning the simulation algorithm can be found in 
[3] and references therein.

4.  Results and discussion

4.1.  Fixed points and phase space

We assume that the only magnitudes that change in the pol and dep
channels are the conductances 𝐺pol and 𝐺dep through the variation of 
their expressions following the respective transcription-translation net-
works. The fixed points of the system are obtained by imposing that 
all time derivatives of Fig.  2 are zero. Thus, the equation 𝐶d𝑉 ∕d𝑡 =

−𝐼pol − 𝐼dep = 0 gives the steady-state solutions of the potential as a 
function of the ratio 𝐺pol∕𝐺dep, as shown in Figs. 4a and 4c. Monos-
table regions for the cell potential are obtained for low (depolarized 
solution) and high (polarized solution) values of 𝐺pol∕𝐺dep. There are 
two saddle-node bifurcation points where either a couple of (stable 
polarized-unstable) or (stable depolarized-unstable) fixed points are cre-
ated/annihilated  [26]. These critical points delimit the bistable region 
where two stable solutions (continuum lines) coexists with an unstable 
solution (dashed line) in Figs. 4a and 4c. The unstable state represents 
an equilibrium between the pol and the dep channels whereas, in the 
stable states, one of the channel types eventually dominates, depending 
on the initial conditions .

By imposing that the time derivatives of 𝑚k and 𝑝k , 𝑘 = pol, dep, are 
zero, we obtain a second relation between the steady state values of 
𝑉  and 𝐺pol∕𝐺dep that the fixed points must obey. Therefore, the fixed 
points of the dynamical systems correspond to the intersection between 
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Fig. 5. (a) Bifurcation diagram for 𝑑m,pol = 0.05 min−1 and the parameters of Table 1 when the mRNA transcription rates are regulated by the cell potential 𝑉 . The 
stable solutions of 𝑉  are indicated by a continuum line that turns unstable at the oscillating region (gray zone), which is indicated by a dashed line. The height of 
the gray zone is limited by the maximum and minimum potential attained in the oscillation. (b) Real part of the eigenvalues of 𝑉 , 𝑝pol and 𝑚pol. (c) Imaginary part 
of the eigenvalues of 𝑉 , 𝑝pol and 𝑚pol. (d) Trajectory (𝑝pol, 𝑝dep, 𝑉 ) of points (1)-(3) of Fig. 5a-c.

the bioelectrical (d𝑉 ∕d𝑡 = 0) and the genetic (d𝑝k∕d𝑡 = 0, d𝑚k∕d𝑡 = 0) 
steady-state curves. In the case of Fig.  4a, the regulation of the tran-
scriptional rate with the potential implies that these two curves inter-
sect in either a unique stable or unstable solution of the potential. The 
intersection in the stable solutions results in the polarized and depo-
larized solutions, and the intersection in the unstable solution leads to 
self-sustained oscillations, thus giving the phase-space of Fig.  4b. By 
contrast, when the transcriptional rate is not regulated by the potential 
(Fig.  4c), the bioelectrical and genetic curves can intersect in either one 
stable solution (monostable polarized or depolarized) or in three solu-
tions (two stable and one unstable), resulting in the phase space of Fig. 
4d.

Note finally that, with a different set of parameters, the case of reg-
ulated transcriptional rate can also lead to a bistability instead of an 
oscillatory regime if the bioelectrical and genetic curves intersect not 
only in the unstable potential solution but also in the stable potential 
solutions  [27].

Taking together, Fig. 4 should be useful to qualitatively understand 
how the inside concentration of a signaling ion can couple bioelectrical 
to genetic networks (Fig. 2) through the cell potential regulation of the 
transcriptional rates (Fig. 3), as experimentally shown for the calcium 
entry following cell depolarization (Fig. 1). Clearly, the model of Figs. 2 
and 3 suggest how the control of the polarized and depolarized cell states 
can be crucial for the cell biophysics, thus allowing to guide external 
actions on membrane potentials.

4.2.  Eigenvalues

Mathematically, we can obtain more information relevant to the fun-
damental nature of the cell states by calculating the eigenvalues of the 
Jacobian from the dynamical system of equations at Figs. 2 and 3 [26]. 
Fig. 5a shows the bifurcation diagram for 𝑑m,pol = 0.05 min−1 for the case 
of cell potential-regulated mRNA transcription rates, but this time as a 
function of 𝑟◦m,pol. Figs. 5b and c show the real and imaginary parts of the 
eigenvalues 𝜆𝑉  of the potential 𝑉  and the protein and mRNA concen-
trations 𝑝pol and 𝑚pol of the pol channel, respectively. The eigenvalues of 
protein and mRNA concentration of the dep channel take constant real 
values over the whole 𝑟◦m,pol interval considered and have not been rep-
resented. The eigenvalues have been calculated at the predicted steady-

Fig. 6. (a) Bifurcation diagram for 𝑑m,pol = 0.09 min−1 and the parameters of 
Table 1 in the case of unregulated mRNA rates. At low and high values of 𝑟◦m,pol
there is only one steady-state stable solution for the potential (continuum line). 
At intermediate values, however, the cell enters into the bistable region char-
acterized by two stable solutions (polarized and depolarized, continuum line) 
and one unstable solution (dashed line). (b) Eigenvalue of 𝑉  calculated at the 
stable solution for the monostable zones and all three solutions for the bistable 
zone. The stable solutions are characterized by a negative value of the (real) 
eigenvalue whereas the unstable solution is characterized by a positive value 
(dashed line).

state values, given by the continuum and dashed lines of Fig. 5a for the 
case of the potential.

The stable and oscillatory regions coincide with the zones where the 
real part ℝ(𝜆𝑉 ) is negative and positive, respectively. The value of ℝ(𝜆𝑉 )
would approximately indicate where the solution of the potential is sta-
ble (ℝ(𝜆𝑉 ) < 0) and unstable (ℝ(𝜆𝑉 ) > 0). Note also the narrow regions 
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Fig. 7. (a) Phase space evolution of the (𝑉 , 𝑝pol, 𝑝dep) initial points (1)-(3) in Fig. 4a and 4b (cell potential-regulated transcription rates). (b) Evolution of 𝑉  for the 
phase space points (1)-(3) of Fig. 4c and 4d (the case of unregulated transcription rates).

in the transitions between the stable and the oscillatory regimes where 
the imaginary part of 𝜆𝑉  is non-zero and those of 𝜆p,pol and 𝜆m,pol un-
dergo abrupt changes (Figs. 5b and 5c). This may reflect the fact that 
the transition between the stable solutions (continuum lines) and the os-
cillatory solutions (dashed lines) is abrupt in the sense that the radius of 
the limit cycle of the oscillatory regions does not increase smoothly but 
undergoes a discontinuous jump, in agreement with the comparatively 
fast cell bioelectrical responses [2–5]. However, no qualitative changes 
in the evolution of the cell is observed when the trajectories of the three 
cases considered here ((1) and (3) in the narrow region, (2) outside the 
narrow region) are calculated (Fig. 5d). In all three cases, a limit cycle 
is observed.

Fig. 6a reconsiders the bifurcation diagram for the case of unregu-
lated mRNA transcription rates with 𝑑m,pol = 0.09 min−1 using 𝑟◦m,pol as 
a parameter and the values of Table 1 for the magnitudes involved. 
Because the transcription rate is not regulated by the potential, the 
d𝑉 ∕d𝑡 = 0 curves in Fig.  6a and Fig.  4c are qualitatively similar. The 
eigenvalue of the potential 𝜆𝑉  (Fig. 6b) at the steady-state solutions of 
Fig. 6a shows that the negative real values of 𝜆𝑉  coincide with the stable 
solutions while the positive values coincide with the unstable solution. 
Taking together, Figs. 5 and 6 provide a complementary mathematical 
description of the different bioelectrical and transcriptional cell states 
that can be obtained with the model, thus offering a more rigorous view 
of the biochemical problem.

4.3.  Trajectories

To better visualize the evolution of the cell state in the regulated 
case, Fig. 7a shows the evolution of (𝑝pol, 𝑝dep, 𝑉 ) from the different phase 
space initial states of Fig. 4a-b: depolarized (1), oscillatory (2), and po-
larized (3). To obtain the initial state of the cell, we first set the potential 
𝑉 . Then, the values of 𝑚pol, 𝑝pol (𝐺pol), 𝑚dep and 𝑝dep (𝐺dep) are obtained 
by determining the transcription rates 𝑟◦m,pol and 𝑟◦m,dep at this potential 

from Fig. 3, and then using the equations of Fig. 2 with zero time deriva-
tives for mRNA and protein concentrations.

In the first part of the (𝑝pol, 𝑝dep, 𝑉 ) evolution, the potential relaxes to 
the bioelectrical stable point determined by 𝐺dep and 𝐺pol because, ini-
tially, the sum of currents 𝐼pol + 𝐼dep ≠ 0. In this bioelectrically-driven 
process, the transcription-translation magnitudes (𝑝pol and 𝑝dep in the 
figure) remain practically constant as their transcriptional time is of 
the order of 1 h, as dictated by the inverse of the rate and degra-
dation constants, and hence much longer than the bioelectric time 
which is of the order of 1 s. Because the values of these transcription-
translation magnitudes have been set in accordance with the initial po-
tential, the change of the cell potential implies that 𝑝pol and 𝑝dep, as 
well as 𝑚pol and 𝑚dep, are no longer in equilibrium. Therefore, a sec-
ond, transcriptionally driven process starts where 𝑝pol and 𝑝dep vary 
while the potential change is much smaller and slave to the change of 
the transcription-translation variables. Finally, the cell reaches either 
a stable point (𝑟◦m,pol = 1.0 min−1 and 1.8 min−1) or enters a limit cy-
cle (𝑟◦m,pol = 1.4 min−1). In some cases, another pair of processes (first 
bioelectrically-driven, then transcriptionally-driven) take place before 
reaching the stable point. These are the cases for the initial potentials 
−10 mV when 𝑟◦m,pol = 1.0 min−1 and −50 mV when 𝑟◦m,pol = 1.8 min−1
The limit cycle (𝑟◦m,pol = 1.4 min−1) is formed by two bielectrically-
driven (𝑉  changes and 𝑝pol and 𝑝dep are practically constant) and two 
transcriptionally-driven (𝑉  is practically constant and 𝑝pol and 𝑝dep
change) processes that alternate.

Fig. 7b shows the evolution of the cell potential 𝑉  with time for un-
regulated transcription rates in the cases (1) to (3) of Fig. 4c-d. Now 
the transcription and translation variables are constant and the relax-
ation time is a factor 10 - 100 lower than in the regulated case (Fig. 7a) 
because only 𝑉  changes and thus its evolution is dictated by the bio-
electrical characteristic time 𝜏bioelec = 𝐶∕𝐺ref = 1 s. When the cell is in a 
monostable region, the potential evolves until reaching the steady state 
solution (depolarized cell for 𝑟◦m,pol = 0.75 min−1 and polarized cell for 
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𝑟◦m,pol = 1.25 min−1). In the bistable region, however, the final potential 
depends on whether the initial value of 𝑉  is in the region of the depolar-
ized or the polarized solution. These two regions are divided by the un-
stable potential (marked by a dashed line in Fig. 7b). In this way, Figs. 7a 
and 7b offer qualitative explanations for the different experimental time 
regimes characteristic of the external bioelectrical actions and the com-
paratively slow downstream biochemical outcomes [2–5,8,9].

5.  Conclusions

Ion channels are central to the bi-stability and oscillatory phenomena 
experimentally observed in many cell regulatory processes , as shown 
by current pharmacological and optogenetic techniques which allow di-
rect manipulation of membrane potential and hypothesis testing (Refs 
[15–24].). Models describing the interplay between genetic and bioelec-
tric networks are of great significance because voltage-gated ion chan-
nels are involved in multitude of development, regeneration, and tu-
morigenesis processes [2–5]. Thus, theoretical approaches that integrate 
genetic and electric concepts can suggest new experimental opportuni-
ties (Fig. 1).

Here, we have focused on the rich dynamics and bifurcation phe-
nomena that can occur at the individual cell scale. In particular, we have 
theoretically described the role of stationary and oscillatory cell mem-
brane potentials on the basis of a system of differential equations that 
couple together two generic families of ion channels. For completeness, 
the unregulated case where there is no feedback between the bioelec-
trical and transcriptional networks has also been considered and sig-
nificant differences with respect to the case of cell potential-regulated 
mRNA transcription rates have been found, as suggested by Fig. 1. In 
the unregulated case, a bistable region separating the depolarized and 
polarized regions is obtained instead of self-sustained oscillations.

A limitation of the results concerns our ignoring of the role of en-
doplasmic reticulum (ER) in intracellular calcium levels  [28–30]. As to 
experimental observations on calcium oscillatory and spiking phenom-
ena, it has been shown that the coupling between the cell potential and 
intracellular calcium can lead to bistable and oscillatory phenomena in 
the excitation waves of pancreatic islets, where the time traces of po-
tentials and calcium concentrations are clearly coupled  [22]. Also, the 
bioelectric activity in Xenopus embryogenesis is shown to be modulated 
by the interplay between the cell potential and the intracellular calcium 
level  [23] where hyperpolarization and depolarization processes induce 
dynamic calcium changes at different developmental stages. These ex-
perimental results clearly suggest that ion channels, cell potentials, and 
signaling ions levels are coupled together in oscillatory and bi-stable 
memories, in qualitative agreement with the model predictions.

We believe that a theoretical description of the bioelectrical and tran-
scriptional coupling can be useful to qualitatively guide future experi-
mental studies. Note that bioelectrochemical oscillations expand across 
a range of temporal scales in biology [2,3,17–21]. In our case, the os-
cillatory phenomena arise from the coupling between the cell poten-
tials and biochemical networks of two counteracting families of chan-
nel proteins. This simple model, which incorporates a minimal number 
of biologically-plausible assumptions, can now be extended to specific 
experimental cases. In conclusion, we have shown how the electrical 
rhythms that provide an oscillatory feedback between bioelectrical and 
transcriptional signals can be experimentally explored by particular ex-
ternal actions on specific ion channels.
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